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We study N=2 supersymmetric integrable theories with spontaneously-broken Zn
symmetry. They have exact soliton masses given by the affine SU(n) Toda masses and
fractional fermion numbers given by multiples of 1/n. The basic such N=2 integrable
theory is the An-type N=2 minimal model perturbed by the most relevant operator. The
soliton content and exact S-matrices are obtained using the Landau-Ginzburg description.
We study the thermodynamics of these theories and calculate the ground-state energies
exactly, verifying that they have the correct conformal limits. We conjecture that the
soliton content and S-matrices in other integrable Zn N=2 theories are given by the
tensor product of the above basic N=2 Zn scattering theory with various N=0 theories. In
particular, we consider integrable perturbations of N=2 Kazama-Suzuki models described
by generalized Chebyshev potentials, CPn−1 sigma models, and N=2 sine-Gordon and its
affine Toda generalizations.
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1. Introduction
Two-dimensional models with N=2 supersymmetry have been studied for a variety
of reasons. Their interesting formal properties include their important role in string
theory and topological field theories, and the fact that nonrenormalization theorems make
many properties exactly calculable. One nice result of the nonrenormalization theorems
is that the Landau-Ginzburg description is very powerful: many properties of an N=2
theory follow solely from its Landau-Ginzburg potential, without requiring knowledge of
the kinetic term. In particular, the soliton structure of an off-critical N=2 theory is
easily obtained via the Landau-Ginzburg description [1,2]. With knowledge of this soliton
structure in an integrable theory, the exact S-matrix can often be calculated exactly.
An interesting fact also seen in the Landau-Ginzburg description is that the solitons in
N=2 theories generally have fractional fermion number. It is well-known that many 1+1
dimensional theories have fractional fermion number in the soliton sectors [3,4]. In fact, we
do not know of any integrable N=2 theories without fractional charges. Even theories such
as supersymmetric CPn−1 sigma models, which naively appear not to have any solitons at
all, have solitons with fractional fermion number. Fractional fermion number is believed
to occur in some 1+1-dimensional polymer systems [5] (as well as in the 2+1-dimensional
fractional quantum Hall effect!); our exactly solvable N=2 systems may provide a way of
further understanding these theories.
We will show that the basic supersymmetric structure in N=2 integrable theories
having a spontaneously-broken Zn symmetry is that of the An type N=2 minimal model
perturbed by the most-relevant operator. The solitons in these theories are supersymmetric
doublets with the affine SU(n) Toda masses and fractional charges given by multiples of
1/n (sect. 2). We find (in sect. 3) the exact S-matrices SN=2[n](θ) for these basic theories.
In sect. 4 we obtain integral equations for the exact ground-state (Casimir) energy E(R) of
the quantum field theories in a periodic box of size R, and verify that they give the correct
answers in the conformal and infra-red limits. This is done by using the thermodynamic
Bethe ansatz, and in the course of this calculation we find a new kind of TBA system.
The scattering theory of essentially every other known integrable N=2 theory exhibits
a Zn structure and is either shown or conjectured to be a tensor product of the above basic
Zn-type N=2 integrable scattering theory with various N=0 scattering theories:
SN=2(θ) = SN=0(θ)⊗ SN=2[n](θ). (1.1)
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For example, in an earlier paper [2], we discussed the N=2 minimal conformal field theories
models perturbed by their least relevant operator. The Landau-Ginzburg superpotentials
are given by Chebyshev polynomials, which have a Z2 structure; the solitons all have
equal mass and fractional charge ±12 . We showed using the N=2 algebra and verified
using the TBA that these scattering theories have such a tensor-product decomposition.
The soliton structure and exact S-matrices of these models were found to be described by
tensor products of SN=2[n = 2](θ) with the RSOS scattering theories [6] describing the
N=0 minimal models perturbed by the least relevant operator. This confirmed the results
of [7], where this tensor-product structure was conjectured because it was the simplest
structure consistent with the quantum-group symmetry of the models. We showed in [2]
that the perturbed Dk and E type N=2 theories also had this same structure, with the
N=0 part the RSOS theory for the appropriate Dynkin diagram. We find here that (1.1)
generalizes to other integrable N=2 theories.
While we know that an N=2 integrable theory with a Zn symmetry will have
SN=2[n](θ) for the N=2 part in (1.1), we emphasize that the remaining N=0 part in (1.1)
is not always the S-matrix for the analogousN=0 theory. The S-matrix for supersymmetric
CPn−1, for example, is of the form (1.1), but there is no immediately obvious guess for
which N=0 theory enters in (1.1), because the N=0 CPn−1 sigma model is not even
integrable!
In sect. 5 we consider perturbations of more general Kazama-Suzuki N=2 theories,
which are conjectured to be integrable. The Landau-Ginzburg superpotentials for these
theories are the k-th generalized Chebyshev polynomials in n− 1 variables. We conjecture
that the soliton content and S-matrices for these theories are tensor products (1.1) of the
basic N=2 part SN=2[n](θ) with an N=0 part corresponding to an analogous integrable
perturbation of an N=0 SU(n) coset theory.
In sect. 6 we consider the supersymmetric sigma model on CPn−1. Here again, the
soliton content and S-matrices (originally found in [8]) are a tensor product (1.1) of the
n-th N=2 minimal integrable theory SN=2[n](θ) with an N=0 structure. In fact, the
theories are described by the k →∞ limit of the generalized Chebyshev theories discussed
in the last paragraph. We construct the TBA system of integral equations describing the
CP 1 case.
In sect. 7 we discuss N=2 super sine-Gordon theory and its generalizations. We relate
these theories at their critical coupling to the CPn−1 theories by relating their S-matrices.
For arbitrary coupling we expect the theories to be a tensor product with an S-matrix of
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the form (1.1). For example, N=2 sine-Gordon is of the form (1.1) involving the n=2 case
of the basic N=2 theory and the S-matrix for N=0 sine-Gordon [9]. We provide the TBA
system and thereby verify this S-matrix.
2. The Basic N=2 Integrable Theories
We consider the (An) N=2 minimal conformal field theories perturbed by the most-
relevant operator preserving the N=2 supersymmetry. These theories are integrable; non-
trivial conserved charges were constructed in the perturbed conformal field theories in [1], in
the manner of [10]. These charges are believed to exist at all integer spins except multiples
of n. This perturbed theory can be described by the Landau-Ginzburg superpotential [11]
W =
Xn+1
n+ 1
− βX. (2.1)
The Landau-Ginzburg description gives us a nice way of finding the soliton structure [1].
The bosonic part of the superpotential is given by |∂W/∂X |2, so the vacua are given by
the equation Xn = β. Scaling β = 1, they are the roots of unity
X(j) = exp(j2πi/n),
forming a polygon with n vertices. There is a fundamental soliton connecting any two
of the vacua. We label the soliton which connects vacuum X(j) with vacuum X(j+r), for
r = 1, . . . , n− 1, by Kj(j+r) (K for “kink”).
Every soliton forms a multiplet under supersymmetry. It turns out that there is only
one fermionic zero mode in the presence of a soliton, so each soliton Kj(j+r) is a doublet,
which we label by (ur, dr), under the N=2 supersymmetry; the label j of the initial
vacuum has does not label distinct solitons because of the Zn symmetry of the vacua
under X → ωX with ωn = 1. The action of the N=2 generators on the (ur, dr) solitons
is as discussed in [2]. A two-dimensional representation of the N=2 supersymmetry must
have mass saturating the Bogomolny bound: mr = |W (X
(j+r)) −W (X(r))| ≡ |∆W | =
M sin(πr/n), where M=2n/n+1 [12]; the soliton mass is the length of the line connecting
the appropriate vertices of the polygon. Note that the masses are exactly those of affine
SU(n) Toda theory. Our theory is in fact an affine Toda theory with imaginary coupling
and a background charge [13]. There is no obvious reason why the mass spectrum of the
solitons in a theory with imaginary coupling is identical to that of the particles in the same
3
theory with real coupling, but in Toda theories this is true classically and is stable to small
quantum fluctuations [14].
The fermion number of the solitons also follows from the Landau-Ginzburg description.
Using standard arguments [4 ,15] it is straightforward to derive that the fermion number
fr of ur is
fr = −(2π)
−1∆Im logW ′′
=
r
n
.
(2.2)
A simple argument for this result is as follows. In the soliton sector the fermion number is
f =
∫
dx
2π
(−i)(∂ − ∂)φsol = −
1
2π
∆φsol, (2.3)
where the integrand is the bosonized fermion current J − J along the classical soliton
solution. The field φsol is normalized so that the supersymmetry generators have charges
±1. The chiral primary field corresponding to one unit of left-right symmetric spectral
flow [16] is then represented by
U1,1 = e
iφsol . (2.4)
From eqns. (2.3) and (2.4) we have
f = −
1
2π
∆Im logU1,1 = −
1
2π
∆Im log det(∂i∂jW ), (2.5)
where we make use of the fact that the field U1,1 is proportional to the Hessian determinant
[17]. In our one-chiral-superfield case, eqn.(2.5) reduces to (2.2). Because dr is obtained
from ur by the action of Q
− (or Q
+
), the (ur, dr) doublets have charges (fr, fr − 1) =
(r/n, r/n− 1) [2].
Our TBA analysis will confirm that this simplest N=2 soliton structure is in fact
the correct soliton content for the perturbed theories (2.1). In [1] the supermultiplet was
unnecessarily doubled because proper account was not taken of the fractional charges. The
TBA analysis shows us that this is wrong: it leads to the wrong UV Casimir energy.
3. The exact S-matrix
Since our models are integrable, there are many constraints on the S-matrices which
allow us to derive them exactly [18,19]. For example, momenta are conserved individually
(only quantum numbers can change in a collision) and the n-body S-matrix factorizes into
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a product of two-body ones. In addition, our S-matrices must commute with the N=2
supersymmetry generators. In this section, we will find the minimal scattering theory and
S-matrix consistent with these constraints. There is the usual ambiguity of adding extra
particles corresponding to extra CDD poles in the S-matrix prefactor. The thermodynamic
analysis of the next section verifies that our minimal solution (with no extra CDD poles)
gives the appropriate ultraviolet limit, effectively confirming that it is the correct scattering
theory.
The vacua boundary conditions at spatial infinity, kinematic constraints, and the
conserved currents restrict the form of the S-matrix. When scattering a soliton of type
Kj(j+r) with rapidity θ1 (i.e. ur(θ1) or dr(θ1)) with a soliton of type K(j+r)(j+r+s)(θ2),
the outgoing solitons must be of the type Kj(j+s)(θ2) and K(j+s)(j+r+s)(θ1). In other
words, when we scatter ur or dr with us or ds, the r and s labels scatter diagonally: this is
required for the conserved currents to be consistent with the bound-state structure, in the
same manner as An Toda theory [20,21]. By fermion-number conservation, the S-matrix
for such scattering is of the form:
( dsur usdr
urds br,s(θ) c˜r,s(θ)
drus cr,s(θ) b˜r,s(θ)
) ( usur dsdr
urus ar,s(θ) 0
drds 0 a˜r,s(θ)
)
, (3.1)
where θ = θ1 − θ2.
Demanding that the S-matrix (3.1) commutes with the supersymmetry generators,
with the action on the states as discussed in [2], completely fixes the above S-matrix
elements up to an overall factor:
a = Zr,s(θ) sinh(
θ
2
+
iµ
2
(r + s))
b = Zr,s(θ) sinh(
θ
2
+
iµ
2
(s− r))
c = Zr,s(θ)ie
iµ(r−s)/2(sin rµ sin sµ)
1
2
a˜ = −Zr,s(θ) sinh(
θ
2
−
iµ
2
(r + s))
b˜ = Zr,s(θ) sinh(
θ
2
+
iµ
2
(r − s))
c˜ = Zr,s(θ)ie
iµ(s−r)/2(sin rµ sin sµ)
1
2 ,
(3.2)
where µ ≡ π/n and we suppress the r, s dependence of a, b and c. The off-diagonal elements
c and c˜ are convention-dependent, but cc˜ is not. Note that this S-matrix satisfies the “free
fermion” condition
a(θ)a˜(θ) + b(θ)b˜(θ)− c(θ)c˜(θ) = 0. (3.3)
It also satisfies the Yang-Baxter equation guaranteeing the factorizability: the elements
(3.2) are the R-matrices for the quantum deformation of SU(1,1), with q = eiµ.
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The bootstrap equations, crossing symmetry and unitarity fix the factor Zr,s(θ). In
a theory with factorizabilty, S-matrix elements involving a bound state can be written as
the product of S-matrix elements of its components [18]. The equations describing this
property are called the bootstrap equations. Two particles C and D have a bound state
of mass mCD (mCD < mC +mD) when their S-matrix has a pole at s = m
2
CD, where
s ≡ (pC + pD)
2 = m2C +m
2
D + 2mCmD cosh θ,
and θ = θC − θD. In general, there is an j-particle bound state of mass m when there is a
pole at (
∑j
i=1 pi)
2 = m2.
In our models, a soliton corresponds to a line drawn between two vertices of a regular
polygon in the W -plane. This picture strongly suggests that these solitons are bound
states of other solitons, because a soliton Kj(j+r+s) can be continuously deformed into
a combination of Kj(j+r) and K(j+r)(j+r+s). This motivates our assumption concerning
the presence of bound states. We assume that u2(θ1) is a bound state of u1(θ1 − iµ) and
u1(θ1 + iµ). This, of course, is consistent with fermion number conservation, since the
charge of ur is r/n. This means that a1,1(θ) and Z1,1(θ) have a pole at θ = 2iµ. Notice
that the pole from Z1,1(θ) is canceled in a˜1,1; this is required since there is no particle of
charge (2/n)− 2 in the spectrum.
We are now in a position to apply the bootstrap equations to scattering. The
factorizability requires that scattering a particle with u2(θ1) is the same as scattering
it with each of u1(θ1 + iµ) and u1(θ1 − iµ). Thus the bootstrap equation for scattering
u1(θ2) with u2(θ1) is
a1,2(θ) = a1,1(θ − iµ)a1,1(θ + iµ).
This S-matrix element has an s-channel pole at θ = 3iµ, and for n > 3 this pole corresponds
to the bound state u3. The pole at θ = iµ is a t-channel pole and does not correspond
to another bound state. Proceeding in this manner, we find that us(θs) for s < n is the
bound state of u1(θs − i(s− 1)µ), u1(θs − i(s− 3)µ) . . . u1(θi + i(s− 1)µ). Thus
a1,s(θ) =
s∏
j=1
a1,1(θ − i(s+ 1− 2j)µ). (3.4)
In general,
ar,s(θ) =
r∏
j=1
s∏
k=1
a1,1(θ − i(r + s+ 2− 2j − 2k)µ). (3.5)
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By using crossing symmetry, we find an equation for a1,1 from (3.4). Crossing takes, for
example, s→ r and r → n−s. This follows from the fact that us and dn−s are antiparticles
(CP conjugates). From the behavior of the above elements under this transformation we
see that
Zn−s,r(θ) = Zr,s(iπ − θ). (3.6)
(Note that the off-diagonal elements c and c˜ pick up fermion phases under crossing). Using
this in (3.4) for s = n− 1 gives
a1,1(iπ − θ) =
cosh( θ
2
− iµ)
cosh θ
2
n−1∏
j=1
a1,1(θ + i(2j − n)µ). (3.7)
There are a variety of other constraints one can derive from the bootstrap equations, but
the supersymmetry makes them all equivalent to (3.7).
Another constraint on Z1,1(θ) comes from the requirement that the S-matrix be
unitary. This yields
a(θ)a(−θ) = 1. (3.8)
The constraints (3.8) and (3.7), along with the requirement that there be no additional
poles corresponding to bound states, fix
Z1,1(θ) =
1
sinh( θ2 −
iπ
n )
∞∏
j=1
Γ2(− θ2πi + j)Γ(
θ
2πi + j +
1
n )Γ(
θ
2πi + j −
1
n )
Γ2( θ2πi + j)Γ(−
θ
2πi + j +
1
n )Γ(−
θ
2πi + j −
1
n )
=
1
sinh( θ
2
− iπ
n
)
exp(i
∫
∞
−∞
dt
t
sin tθ
sinh2 πt
n
sinh2 πt
).
(3.9)
Using (3.5) gives Zr,s(θ) in terms of Z1,1(θ). We have thus obtained the exact S-matrix
SN=2[n](θ) for (2.1).
We note that if the gamma functions were omitted from Zr,s, the elements ar,s of
SN=2[n](θ) (3.1) would make up the minimal An−1 Toda S-matrix [20], which describes
scattering in perturbed Zn parafermion models [22]. This is the sense in which our models
are the N=2 analogs of the parafermion theories. In fact, these S-matrices were originally
introduced in [23] as supersymmetric generalizations of Toda S-matrices. However, the
S-matrix SN=2[n](θ) can not be reduced further to a tensor product of a single basic N=2
part with a non-supersymmetric part: the elements (3.2) depend on the solitons r and
s. This is because the N=2 algebra depends on the ∆W/m structure of the solitons [12].
This can also be understood in terms of the fractional fermion number: the N=2 S-matrix
elements depend on the fermion number fractions r/n and s/n of the scattered solitons.
There is not one basic N=2 scattering theory—there is a series SN=2[n](θ). The n = 2
case is the sine-Gordon S-matrix at coupling β2 = 2
3
8π, which is discussed in detail in [7]
and [2].
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4. Thermodynamic Bethe Ansatz
The thermodynamic Bethe ansatz provides a way of calculating the ground-state
(Casimir) energy E(R) for an integrable quantum field theory on a circle of length R [24,25].
It is not an ansatz at all—the only input is the exact S-matrix. This provides a useful
check on a conjectured S-matrix, because in the conformal limit, E(R) is proportional
to the central charge of the conformal field theory [26]. In the TBA we find the allowed
energy levels for solitons on a circle of length L →∞ at a temperature T = 1/R, and fill
the levels with solitons so as to minimize the free energy. Reversing the roles of space and
Euclidean time (we have a Lorentz-invariant theory) we can extract the Casimir energy
E(R) in terms of integral equations. The results are of the general form
E(R) = −
∑
a
ma
2π
∫
dθ cosh θ ln(1 + e−ǫa(θ)), (4.1)
where the ǫa(θ) are solutions to the coupled integral equations:
ǫa(θ) = maR cosh(θ)−
∑
b
∫
dθ′
2π
φab(θ − θ
′) ln(1 + e−ǫb(θ
′)). (4.2)
When the S-matrix is diagonal, the ma are the soliton masses and φab = i
d
dθ lnSab(θ).
Obtaining the correct ma and φab for a theory with a non-diagonal S-matrix such as ours
is more involved: it requires “diagonalizing” a many-soliton state so that the action of
bringing one soliton through all the others is diagonal [27,2]. We define a transfer matrix
with Boltzmann weights given by the S-matrix elements. In order to obtain the ma and
the φab in (4.2), we need to know the eigenvalues of the transfer matrix with periodic
boundary conditions. Our S-matrices, by fermion number conservation, are of the 6-vertex
type, allowing us to use the algebraic Bethe ansatz to obtain the transfer-matrix eigenvalues
and, thereby, the φab in (4.2).
The result we derive in this section is that each N=2 TBA system is a generalization
of a TBA system for minimal affine Toda S-matrices [21]. Our TBA system has n − 1
massive particles like the Toda system, with the same masses and the same φab. Our
system also has two massless pseudoparticles which couple to the Toda particles. These
massless particles account for the entropy of the transfer-matrix eigenvalues.
To do the thermodynamics, we have a large number N of particles distributed along a
circle of length L. Since the soliton type labels r and s scatter diagonally, the eigenvectors
of the transfer matrices have definite numbers Nr of particles of type r (i.e., the number
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of ur particles plus the number of dr remains conserved). We thus define a distribution
Pr(θ) of allowed rapidities for species r (whether it be ur or dr), for r = 1, . . . , n − 1.
We, likewise, define ρr to be the distributions of rapidities actually occupied by solitons
of type r. The distributions Pr(θ) are related to the ρr(θ) by the requirement that the
wavefunction be single-valued upon bringing such a soliton around the circle:
2πPr(θ) = mrL cosh θ + Im
d
dθ
lnλr(θ), (4.3)
where λr(θ) is the distribution of eigenvalues of the transfer matrix for bringing a solitons
of type r through the others.
For a given (r, s), our S-matrices (3.1) are of the 6-vertex type (with u and d
corresponding to up and down (or left and right) arrows, respectively). We can thus
use the algebraic Bethe ansatz [28] to find the 2N eigenvalues of the transfer matrices.
Generalizing the discussion in our last paper [2] to our present situation, we represent the
eigenvectors of the transfer matrix for bringing a soliton of type r (i.e. ur or dr) through
the other solitons on the circle as:
ψr =
m∏
k=1
Bp(ypk)|
n−1∏
s=1
Ns∏
js=1
ds(θjs)〉, (4.4)
where m is any number less than N =
∑
Ns, Bp(ypk) is the transfer matrix for bringing
a soliton of type up(ypk) through the other solitons and ending up with a soliton of type
dp(ypk), and the allowed values of ypk are determined as in [2]. Again, the scattering is
diagonal in the r, s labels: when bringing a solitons of type p through the others, we end up
with one of type p. We will see that any particular p can be used in (4.4). The discussion
in the appendix of [2] applies to the scattering of a particular r and s; the generalization to
our present case of scattering with several types of r and s is straightforward. We obtain
the transfer matrix eigenvalues in terms of the yk. In particular, the desired ingredients in
(4.3) are expressed as:
Im
d
dθ
lnλr(θ)
=
n−1∑
s=1
∫
dθ′ρs(θ
′)Im
d
dθ
lnZr,s(θ − θ
′) + Im
d
dθ
m∑
k=1
ln sinh(
θ − zk + irµ
2
)
+ Im
d
dθ
N∑
k=m+1
ln sinh(
θ − zk − irµ
2
),
(4.5)
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where Zr,s(θ) is given by (3.9) and the bootstrap (3.5). The zk in (4.5) are the solutions
of
n−1∏
s=1
Ns∏
js=1
sinh((z − θjs + isµ)/2)
− sinh((z − θjs − isµ)/2)
= (−1)N+1 (4.6)
(the ypk in (4.4) are given by zk + iµp). This is a polynomial equation of order N in the
ezk , so there are N solutions. As in [2] each zk appears exactly once in the N terms of
(4.5). The 2N different eigenvalues correspond to the option of putting a given solution
zk in the first or second term in (4.5). Notice that the zk and hence the eigenvalues are
independent of the choice of p.
The solutions of (4.6) are of the form z = z0 and z = z0 + iπ, with z0 and z0 real.
1
Defining corresponding distributions Pl(zl), l = 0, 0, taking the log of (4.6) yields
2πPl(zl) =
n−1∑
s=1
sin sµ
∫
dθ′
ρs(θ
′)
cosh(zl − θ′)− al cos sµ
, (4.7)
where a0 = −a0 = 1. Taking the integral of P0 + P0 with respect to z shows that we have
N different values of z in the thermodynamic limit:∫
dz0P0(z0) +
∫
dz0P0(z0) =
n−1∑
s=1
∫
dθ′ρs(θ
′) = N.
This confirms that we have all the zk needed for the 2
N eigenvalues in (4.5).
We define P+0 (z0) and P
−
0 (z0) to be the distributions corresponding to the k > m and
k ≤ m terms in (4.5), and vice-versa for l = 0. Thus Pl = P
+
l + P
−
l . In terms of these
distributions, (4.5) becomes
Im
d
dθ
lnλr(θ) =
n−1∑
s=1
∫
dθ′ρs(θ
′)Im
d
dθ
lnZr,s(θ − θ
′)
+
∑
l=0,0
∫
dzl
2
sin rµ
P+l (zl)− P
−
l (zl)
cosh(zl − θ)− al cos rµ
.
(4.8)
Writing P−l = Pl − P
+
l in (4.8) and using (4.7), we have for (4.3)
2πPr(θ)−mrL cosh θ =∑
l=0,0
∫
dzlφr,lP
+
l (zl) +
n−1∑
s=1
∫
dθ′ρs(θ
′)φr,s(θ − θ
′),
(4.9)
1 It is worth noting that the free fermion condition (3.3) makes our analysis easier than that
of the general six-vertex model: there are no string-type solutions to (4.6).
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where
φr,l(θ) =
sin(rµ)
cosh(θ)− al cos(rµ)
, (4.10)
φr,s(θ) = Im
d
dθ
lnZr,s(θ)− Fr,s(θ)− Fn−r,n−s(θ), (4.11)
and
2Fr,s(θ) =
∫
dt cos(tθ)
sinh rtµ sinh stµ
sinh2(πt)
, (4.12)
as can be seen from a fourier transform. It follows from a bit of algebra that the φr,s in
(4.11) can be expressed as
φr,s(θ) = Im
d
dθ
lnAr,s(θ), (4.13)
where the Ar,s are the ar,s(θ) of (3.1) with the gamma functions from (3.9) removed: i.e.,
Ar,s[n](θ) =
r∏
j=1
s∏
k=1
sinh( θ2 + iµ(j + k −
r+s
2 ))
sinh( θ2 + iµ(j + k − 2−
r+s
2 ))
. (4.14)
The φr,s given by (4.13) are precisely the φr,s for the minimal An Toda S-matrix [21] which
can be conveniently written as [29]
φr,s(θ) =
∫
dt
2π
eitθ
(
δrs − 2
coshµt sinh(π − rµ)t sinh sµt
sinhπt sinhµt
)
(4.15)
for r ≥ s with φsr = φrs.
We minimize the free energy with respect to the ρs and P
+
l , subject to the constraints
(4.7) and (4.9). Defining
ρs(θ)
Ps(θ)
=
e−ǫs(θ)
1 + e−ǫs(θ)
P+l (yl)
Pl(yl)
=
e−ǫl(yl)
1 + e−ǫl(yl)
, (4.16)
for s = 1, . . . n − 1 and l = 0, 0, we obtain a TBA system of coupled integral equations of
the type (4.2) and (4.1). The species a and b in (4.2) run over the labels s = 1, . . . , n− 1
and l = 0, 0. Species s has ms = M sin sµ while species l are massless: ml = 0. The
elements φab(θ) in (4.2) are given by (4.15) and (4.10). Most other TBA systems have φab
which can be simply encoded by a Dynkin diagram of a (perhaps extended) simply-laced
Lie algebra; examples of such systems will be seen in sects.6 and 7. This TBA system does
not immediately have such an interpretation.
To escape from all these equations, we here describe the W = X4/4−X (n = 3) case
explicitly. (The n = 2 case was discussed in detail in [2].) The vacua form a triangle in
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X space. A doublet (u1, d1) of solitons interpolate between vacua going counterclockwise.
These particles have fractional charges of (1/3,−2/3) respectively. Their antiparticles,
(u2, d2), interpolate clockwise and have fractional charges of (2/3,−1/3). All particles
here have the same mass, since the distance |∆W | is the same for all solitons. In the
associated TBA system, there is one massive particle for every doublet (ur, dr). Thus the
TBA system for n = 3 consists of two massive particles a = 1, 2 with m1 = m2 = M and
two massless particles a = 0, 0. The elements φab(θ) are given by (4.10) and (4.13), and
φ1,1 = φ2,2 and φ1,2 are those which arise in the three-state Potts model (Z3 parafermions)
[25].
4.1. The UV and IR limits
In the UV limit (MR → 0) the perturbing parameter in (2.1) goes to zero and we
return to the conformal theory. The Casimir energy E(R) (4.1) in this limit must then equal
that of the conformal theory on a periodic box of size R: E(R) = −πc/6R, where c is the
central charge [26]. (For nonunitary theories c is replaced by ceff = c− 12(hmin+ hmin)).
Extracting this result from our scattering theory via the TBA gives a very powerful check
on the spectrum and S-matrix. In particular, it rules out the inclusion of additional
particles—the one possibility not excluded by the exact S-matrix constraints of section 3
(i.e. the CDD ambiguity).
The Casimir energy can be explicitly calculated in the UV limit [30,25]:
E(maR→ 0) ∼ −
1
πR
∑
a
[L(
xa
1 + xa
)− L(
ya
1 + ya
)], (4.17)
where L(x) is Rogers dilogarithm function[31]
L(x) = −
1
2
∫ x
0
dy
[
ln y
(1− y)
+
ln(1− y)
y
]
,
xa = exp(−ǫa(0)), and ya = exp(−ǫa(∞)). It follows from (4.2) that the constants xa are
the solutions to the equations
xa =
∏
b
(1 + xb)
Nab , (4.18)
where Nab =
1
2π
∫
dθφab(θ). The constants ya in (4.17) are nonzero only for those species
a′ with ma′ = 0, where they are the solutions to
ya′ =
∏
b′
(1 + yb′)
Na′b′ , (4.19)
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where b′ also runs only over massless species.
In our case, the Nab obtained from (4.10) and (4.15) are given by
Nll′ = 0 Nr0 = 1−
r
n
Nr0 =
r
n
Nrs = −(2s(1−
r
n
)− δrs) (for r ≥ s),
(4.20)
and the others follow from Nsr = Nrs. The not-at-all-obvious solution to (4.18) is
x0 = x0 =
sin 3π2(n+1)
sin π2(n+1)
xr =
sin2 π
(n+1)
sin (2r+3)π2(n+1) sin
(2r−1)π
2(n+1)
,
(4.21)
and to (4.19) is
y0 = y0 = 1; yr = 0. (4.22)
We note that this is a new type of TBA system.
Amazingly, there are dilogarithm identities which can be used to evaluate exactly the
expression (4.17), with the above xa and ya, for the UV limit of the free energy. From the
appendix of [30] (correcting a typo in equation (A2.4)) and equation (5.139) of [31], we
have derived that
2L
(
1−
sin2 π
2(n+1)
sin2 π(n+1)
)
+
n−1∑
r=1
L
 sin2 π(n+1)
sin2 (2r+1)π2(n+1)
 = π2
6
(4−
6
n+ 1
). (4.23)
Since L(1/2) = π2/12, the contribution from y0 and y0 to (4.17) subtracts π
2/6 from this.
The final result is
E(R) = −
π
6R
(
3(n− 1)
(n+ 1)
)
, (4.24)
in agreement with the appropriate central charge!
The leading term for the free energy in the infrared limit (mR → ∞) is easily found
from our TBA system to be
E(mR→∞) = −
n−1∑
r=1
∫
dθ
2π
2mr cosh θe
−maR cosh θ. (4.25)
In this limit the system becomes a dilute gas of free particles and, thus, (4.25) is the
expected answer; the factor of two comes from our soliton doublets (ur, dr). In the TBA,
this factor arises from the pseudoparticles.
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5. The General Structure
In this section we extend our analysis of perturbed integrable N=2 theories, in direct
analogy with an extended class of integrable perturbed N=0 models. These N=0 models
at their critical points are described by the cosets
SU(n)k ⊗ SU(n)1
SU(n)k+1
. (5.1)
With a particular perturbation, these models remain integrable (see [32] for details). For
n=2, the coset models are the minimal models, and the perturbation is by the Φ1,3
operator [10]. As is well-established, the spectrum in this case consists of equal-mass
solitons interpolating between adjacent wells of a potential with k+1 degenerate wells [6].
For k=1, the coset models are Zn parafermions. After perturbation, the spectrum is that
of SU(n) affine Toda theory: there are n−1 particles with mass proportional to sin(rπ/n),
where r = 1 . . . n− 1. The scattering is diagonal and given by the minimal Toda S-matrix
[22]. For general n and k, the spectrum consists of solitons interpolating between the wells
of a more complicated potential [32]. The masses in the spectrum depend only on N , not
on k. In this section we will display an appropriate potential for these solitons: the bosonic
part of the analogous N=2 Landau Ginzburg superpotentials to be discussed.
The N=2 analog of theory (5.1) has the Kazama-Suzuki [33] coset description [17]
SU(n)k ⊗ SO(2(n− 1))1
SU(n− 1)k+1 ⊗ U(1)
, (5.2)
where the SO(2(n − 1))1 is the contribution of the fermions added for supersymmetry.
This conformal theory is believed to remain integrable when perturbed in a particular
flat direction (in the sense of [34]) by one of its relevant chiral primary operators [35].
One reason for this belief is that the differential equations obtained in [36] for the
renormalization group flow of the Ramond ground state metric along this perturbation are
classical SU(n) affine Toda differential equations—a major simplification of the equations
that ordinarily characterize the metric. We will see that the S-matrices for arbitrary n
and k have an N=2 part (the S-matrix of section 3) tensored with a part arising from the
soliton structure, and that the soliton structure is the same as that of the associated N=0
integrable theory obtained by perturbing (5.1).
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The effective Landau-Ginzburg superpotential characterizing our integrable pertur-
bation of theory (5.2) is given by the k-th generalized Chebyshev polynomial in n − 1
variables. Define
X(t) =
n∑
i=0
Xit
i =
n∏
i=1
(1 + qit), (5.3)
withX0 = 1 andXn = β. The k-th generalized Chebyshev superpotential in n−1 variables
is given by the coefficient of tn+k in
W (t) = − ln(X(−t)) (5.4)
written in terms of the variables Xi [37]. In other words,
W (Xi) =
n∑
i=1
qn+ki
n+ k
,
subject to
∏n
i=1 qi = β, and written in terms of the Xi defined in (5.3). These models
were shown in [37] to have the SU(n)k fusion rules as the chiral ring structure constants.
These theories have, for any k, a Zn symmetry corresponding to Xi → ω
iXi with ω
n = 1.
This symmetry will be reflected in the soliton masses, fermion number fractions, and the
N=2 part of the S-matrix: the soliton structure is a tensor product of that of the basic
Zn N=2 theory (2.1) with an additional N=0 structure.
For n=2 these are the Chebyshev theories discussed in [2]. The potential has k + 1
degenerate wells, just as in the N=0 models (5.1) with n=2. The solitons interpolate only
between adjacent wells—any other potential soliton decomposes into these. The S-matrices
for (5.2) in these cases are equal to the S-matrices for (5.1) tensored with the N=2 part
SN=2[n = 2] [7,2]. The k = 1 Chebyshev theory in n−1 variables (5.4) is easily seen to be
equivalent to the basic Zn integrable theory (2.1) of sec. 2.2, where X = X1 and X
r = Xr.
While we saw in sect. 3 that the S-matrix is not quite a tensor product of the analog N=0
S-matrix for (5.1) with an N=2 part, the two theories are closely related: they have the
same mass spectrum and the same bound-state structure.
To find the soliton structure for the general models, we find the minima of the bosonic
potential
∑
i |∂W/∂Xi|
2. These minima are the (n+k−1)!/(n−1)!k! critical points of the
above superpotential, and can be labelled by the highest weights µ =
∑n−1
i=1 niΛi of SU(n)k,
where the Λi are the fundamental weights [37]. In other words, the ni are nonnegative
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integers such that
∑
i ni ≤ k. It can be shown that the value of the superpotential at the
critical point with label µ is
W (X
(µ)
i ) = ω
b(µ) n
n+ k
, (5.5)
where ωn = 1 and b(µ) is given by
∑n−1
i=1 ili (i.e. the number of boxes in the Young tableaux
for the SU(n)k highest weight µ).
A soliton Kµν interpolates between the vacua µ and ν. In analogy with RSOS
statistical-mechanical lattice models [38], we assume that only a subset of the solitons
are fundamental—the others decay into these. In this analogy, the vacua, each labelled
by a representation of SU(n)k, are the “heights” of the lattice model. Each soliton
Kµν is a “link” variable of the lattice model. In the lattice model these links must
be the fundamental weights Λr of the affine algebra ̂SU(n). This leads us to our
assumed restriction: a fundamental soliton exists between two vacua µ and ν iff the
representation associated with ν is in the product of a fundamental representation Λr
with the representation µ. This assumption is the obvious extension of the results for
n = 2 and for k = 1 and can probably be proven along the lines of [39] by using the
W-algebra structure.
So supposing that our SU(n)k representations µ and ν satisfy µ⊗Λr = ν+ . . ., where
r = b(ν) − b(µ) mod n (1 ≤ r ≤ n − 1), there is a soliton Kµν;r of type r = 1, . . . , n − 1
connecting vacuum µ with vacuum ν. As before, soliton Kµν;r is a (ur, dr) doublet with
the Toda masses mr=|∆W |=m sin(πr/n) and with fermion number (fr, fr − 1) where
fr = −
1
2π
∆Im ln det(
∂2W
∂Xi∂Xj
)
=
r
n
.
(5.6)
The second equality can be shown via relations from [35,40].
To give an example, the lattice model for the n=2 case is the simplest RSOS model,
with k+1 heights numbered 1 . . . k+1, and the restriction that heights on adjacent lattice
sites differ by ±1. In the soliton language, this means that fundamental solitons connect
only adjacent vacua. The two fundamental weights of ̂SU(2) correspond to a soliton either
going up or going down one vacuum. Another simple example is the k=1 case, where there
is no restriction—any vacuum can be reached from any other. In this case, there are n− 1
fundamental weights, so there are n − 1 solitons. This is the structure of the models of
sections 2–4, or of the affine SU(n) Toda S-matrix.
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If we forget the supermultiplets, this general structure is exactly the same as that
conjectured for the perturbed coset models (5.1)[32]. Conservation of the higher-spin
currents requires that the scattering is diagonal in the soliton type labels r and s, just like
the k = 1 case of section 3. Thus the general scattering process is of the form
Kµν;r(θ1)Kνσ;s(θ2)→ S(µνσλ;n, k)(θ)Kµλ;s(θ2)Kλσ;r(θ1). (5.7)
Factorizability requires that the S-matrix elements in (5.7) are related to the lattice-model
Boltzmann weights w(µνσλ;n, k) given in [38], up to an overall θ-dependent constant.
Since the scattering is diagonal in the labels r and s we can multiply the S-matrix by any
function of these labels and the result will still satisfy the Yang-Baxter equation. In [32]
this function was referred to as the ‘CDD’ part of the S-matrix; it is natural to take this
function to be the Ar,s[n] of (4.14), which is the S-matrix of minimal affine SU(n) Toda
theory. Thus the S-matrix element for the process (5.7) in the theory (5.1) is
SN=0(µνσλ;n, k)(θ) = w(µνσλ;n, k)(θ)Ar,s[n](θ), (5.8)
with the overall factor in w to be fixed by unitarity.
The particle structure of the N=2 analog (5.2) is more complicated because every
soliton Kµν;r forms a (ur, dr) supermultiplet. However, it is easy to generalize (5.8) by
analogy with the k = 1 case. Here the Boltzmann weights w(n, 1) are all 1 and the S-matrix
in the N=0 case is diagonal and equal to Ar,s[n]. We showed in section 3 and confirmed
in section 4 that in the N=2 case with k=1 the S-matrix is SN=2r,s [n], as defined in (3.1),
(3.2) and (3.9) . Thus our conjecture for the S-matrix for process (5.7) in the general N=2
case is
SN=2(µνσλ;n, k)(θ) = w(µνλσ;n, k)(θ)⊗ SN=2r,s [n](θ), (5.9)
of the general form (1.1). This S-matrix is consistent with the dependence of the
superalgebra on ∆Wµν , which is found using (5.5).
We have little doubt that these are the correct S-matrices, although we have not
confirmed them by using the thermodynamic Bethe ansatz to calculate the ground-state
energy. Such an analysis was done for the k=1 case in sect. 4 and for the n=2 case in [2].
The missing ingredient in the general case is the diagonalization of the transfer matrices
for the N=0 part of (5.9); if one were to obtain the TBA system for (5.8), it would be
straightforward to obtain the TBA system for (5.9). In the n=2 case, the TBA system
of equations for the N=0 (RSOS)k part of (5.9) was conjectured in [6], with the cases
k = 1, 2 proven there and with the rest proven in [41]. Generalizing this to arbitrary n
would require an analysis along the lines of [42] to obtain the transfer matrix eigenvalues
for the N=0 part of (5.9). (Actually, another generalization using [43] is required, because
[42] covers only scattering of particles with a fixed r.)
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6. Some Sigma Model Thermodynamics
Supersymmetric sigma models on CPn−1 are very closely related to the perturbed
LG theory (2.1). Since CPn−1 is Kahler, the supersymmetric sigma model has N=2
supersymmetry but since CPn−1 is not Ricci flat (the first Chern class is not zero), the
sigma model is not conformally invariant. The supersymmetric CPn−1 sigma model is,
however, integrable. While integrability of the non-supersymmetric CPn−1 sigma models
is spoiled for n 6= 2 by anomalies, such anomalies cancel in the supersymmetric case [44].
To see a connection with the perturbed LG theory (2.1) note that if we denote the Kahler
form of CPn−1 by X , then the classical cohomology ring of CPn−1 is generated by powers
of X with the ideal Xn = 0, where powers are wedge products. Instantons modify this to
the quantum deformed cohomology ring generated by powers of X with the modified ideal
Xn = β = e−SINST where SINST = R + iθ is the holomorphic instanton action [45,35].
This is precisely the ring of the deformed theory (2.1). (The twisted, topological versions
[46] of the two theories are identical [47,35].) Although it appears that there are no solitons
in supersymmetric CPn−1, the fundamental particles are in fact solitons resulting from
a spontaneously broken Zn symmetry [48], just as solitons in (2.1) interpolate between
vacua corresponding to a spontaneously-broken Zn symmetry.
The two theories, of course, are different; for example, the UV (flat) limit of the CPn−1
sigma model has central charge 3(n−1) whereas the UV limit of (2.1) is the minimal model
with central charge 3(n − 1)/(n + 1). In the IR limit both theories are massive, flowing
to c = 0. In [49] it was found that the differential equations for the metric on the space
of Ramond ground states as a function of β are the same for the two theories (namely the
classical affine Ân−1 Toda equations), the only difference being in the boundary condition
at β → 0.
The soliton content and S-matrix of supersymmetric CPn−1 have been studied in a
variety of works [48,8]. The soliton content of the CPn−1 = SU(n)/SU(n − 1) ⊗ U(1)
model exhibits the SU(n) structure: for r = 1, . . . n − 1 there are n!/r!(n − r)! solitons
corresponding to the fundamental weight representation Λr of SU(n). Each of these
solitons is a doublet (urα, drα) under the N=2 supersymmetry with r = 1, . . . n − 1,
and α = 1, . . . n!/r!(n− r)!. In [8] the solitons were termed bosons and fermions, but the
standard arguments show that the fermion numbers of the N=2 multiplets are those of
(2.1), namely multiples of 1/n.
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After some algebra, the results of [8] for the scattering of the r = 1 solitons can be
rewritten as a tensor product (1.1) of the basic N=2 supersymmetric part corresponding
to theory (2.1) with an additional N=0 structure:
( d1γu1δ u1γd1δ
u1αd1β b1,1(θ) c˜1,1(θ)
d1αu1β c1,1(θ) b˜1,1(θ)
)
P γδαβ(θ)
(u1γur1δ d1γd1δ
u1αu1β a1,1(θ) 0
d1αd1β 0 a˜1,1(θ)
)
P γδαβ(θ), (6.1)
where θ = θ1 − θ2, the elements a1,1, b1,1, c1,1, . . . are precisely those given by (3.2), and
P γδαβ =
θ
θ − 2πi
n
Γ(− θ2πi)Γ(
θ
2πi +
1
n )
Γ( θ2πi)Γ(−
θ
2πi +
1
n )
(δαδδβγ −
2πi
nθ
δαγδβδ). (6.2)
We see that for scattering of the basic solitons (r = 1), the CPn−1 scattering theory is the
tensor product of the perturbed minimal model (2.1) scattering theory with the additional
α soliton labels which scatter as (6.2). The scattering of solitons with general r, s will be
of the form of (3.2) with the prefactor and scattering of additional soliton labels governed
by the bootstrap and SU(n) structure. Thus the supersymmetric CPn−1 sigma model
S-matrix is of the form (1.1).
In fact, the soliton structure and S-matrices of supersymmetric CPn−1 are precisely
given by the k →∞ limit of the integral perturbation of (5.2) discussed in the last section;
i.e. the k →∞ limit of the (n− 1)-variable Chebyshev theory. In that limit the quantum-
group restriction on the allowed kinks for the N=0 part goes away and we obtain the full
SU(n) structure of the N=0 part of supersymmetric CPn−1. The N=2 structure of the
theories, again, is always the same, being that of the minimal theories (2.1). For example,
in the n=2 case, vacua are labelled by all the integers (no maximum or minimum) just as in
the sine-Gordon model, and the soliton doublets connect adjacent vacua. One can view this
as a theory with only four solitons—the doublets Kj,j−1 and Kj,j+1. These correspond
to the particles in (6.1), and to the fields of the supersymmetric CP 1 Lagrangian (i.e.
the coordinates of the supermanifold). This similarity to sine-Gordon is no coincidence—
these models are equivalent to the N=2 super-sine-Gordon theories and their affine Toda
generalizations at a critical value of the coupling, as we will discuss in sect. 7.
Supersymmetric sigma models on the Grassmannian manifolds
Gr(p, n− p) =
U(n)
U(p)⊗ U(n− p)
(6.3)
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are also integrable, N=2 supersymmetric theories; the case p=1 is the CPn−1 sigma model.
Integrability and relations for the exact S-matrices of these theories were discussed in [50].
For any p, the solitons in theory (6.3) correspond to a spontaneously broken Zn symmetry.
This Zn structure is exhibited in the instanton–modified cohomology ring of theory (6.3)
conjectured in [47,35]; the Zn is associated with the first Chern class of the manifold (6.3).
We expect the soliton structure in theory (6.3) to be the tensor product of that of theory
(2.1) with an additional p dependent N=0 structure, with an S-matrix of the form (1.1).
This expectation is consistent with the relations obtained in [50] for the exact S-matrix of
theory (6.3).
6.1. TBA for CP 1
In order to obtain the TBA system of equations for the CPn−1 supersymmetric sigma
model we will have to find the eigenvalues of the transfer matrix for the scattering (6.2) of
the α labels; the remaining contribution to the full transfer matrix eigenvalues having been
obtained in sect. 4 in the context of theory (2.1). While these eigenvalues can be obtained
by a generalization of the algebraic Bethe ansatz [43], we will limit our consideration to the
case of CP 1 where the labels in (6.2) run over two values and, thus, the ordinary algebraic
Bethe ansatz suffices to find the transfer matrix eigenvalues. A very similar TBA analysis
arose recently in another context [51], where a scattering theory of massless particles of the
same chirality (with trivial left-right scattering) was conjectured to describe the conformal
field theory SU(2)1.
By the above discussion CP 1 corresponds to the k →∞ limit of the Chebyshev theory
in one variable; i.e. the k →∞ limit of the theories discussed in [2]. The algebraic Bethe
ansatz for the n = 2 case of (6.2) [41], along with our analysis of the n = 2 case of (3.1)
[2], confirms that the Casimir energy of supersymmetric CP 1 is described by the diagram
© 0
© 0
/
∖– – – – –©——©——⊗
where each node labels a particle in the TBA system (4.2). The open nodes are zero-mass
pseudoparticles (there are an infinite number here), ⊗ labels the massive particle, and
φab = 1/ cosh θ for nodes connected on the diagram, and zero otherwise. The UV limit, of
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course, gives the correct c = 3 as it is the k →∞ limit of the computation in [2], where we
obtained 3k/(k+2). This confirms that there are not extra stable particles in the spectrum
of CP 1. In the general CPn−1 models, for example, the σ and π particles of [48]have mass
greater than twice the soliton mass (the mass → 2M as n → ∞), so they will decay into
the solitons. In fact, there is pole in S1(n−1)(θ) corresponding to this supermultiplet of
unstable particles: it is at θ = 2iπ( 1
2
+ 1
n
), following from (6.2) with θ → iπ − θ.
7. N=2 Sine-Gordon and Generalizations
The N=2 supersymmetric sine-Gordon theory is described by the action∫
d2zd4θXX + (
∫
d2zd2θ cosβN=2X + h.c.), (7.1)
where, as usual, X and X are chiral and anti-chiral superfields. While the parameter βN=2
can be complex, the phase of βN=2 can be eliminated by redefining X and X; we thus
take βN=2 real. The theory (7.1) is expected to be integrable as it is the supersymmetric
version of an integrable theory. By our usual considerations, the soliton content of (7.1)
consists of doublets (up, dp), with p ∈ Z, of equal mass connecting adjacent critical points
of the superpotential. The fermion numbers of (up, dp) are (
1
2 ,−
1
2 ).
A natural conjecture [9] for the S-matrix is simply a tensor product of the N=0 sine-
Gordon S-matrix (written out in ref. [18]), governing scattering in the soliton labels p,
with the N=2 supermultiplet S-matrix (3.1), with n=2, governing scattering of the u and
d:
SN=2SG (βN=2; θ) = S
N=0
SG (βN=0; θ)⊗ S
N=2[n = 2](θ). (7.2)
This is particularly sensible when one recalls that the S-matrices for the N=0 minimal
models with Φ1,3 perturbation can be found as restrictions of N=0 sine-Gordon [52], and
the S-matrices in the analogous N=2 models (with the least-relevant perturbation) are
these restricted sine-Gordon S-matrices tensored with SN=2[n = 2](θ) [7,2]. It is natural
to expect the tensor product structure to remain when the restriction is removed. By
studying the quantum-group symmetry, it was found in [9] that the couplings in (7.2) are
related by
β2N=2 =
β2N=0
1−
β2
N=0
8π
.
This can be interpreted as N=2 non-renormalization: βN=2=β
bare
N=0.
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From (6.1) and (7.2) it follows that the S-matrix for supersymmetric CP 1 equals that
of the N=2 super sine-Gordon for βN=2 → ∞
2; thus, the theories are “equal”. We can
eliminate βN=2 from the superpotential and put it into the kinetic term by a rescaling of X
and X. The results of [36] and [49], therefore, do not depend on β. The limit βN=2 →∞
where N=2 super sine-Gordon equals supersymmetric CP 1 then scales the kinetic term
to zero, leaving only the superpotential. In this light, it is not surprising that it was found
in [49] that the ground-state metrics for the two models are equal.
To obtain the TBA system of equations for (7.2) we need to find the TBA system for
the N=0 part. We have obtained a TBA system of equations for the N=0 sine-Gordon
theory at arbitrary β [41] using the analysis of [54]; the TBA system of equations is
rather ugly for generic values of β2. However, the system greatly simplifies at the points
β2N=2 = 8π(k + 1) for positive integer k. The use of the variable k as in sect. 5 is not an
accident; it is at these values of k that sine-Gordon can be restricted to the kth Chebyshev
minimal model. We will, thus, limit our considerations to these nice values of β. The TBA
system for the N=0 part of the theory is of the usual form (4.2) with species, masses, and
φa,b described by:
©
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where there are k + 1 open nodes. The UV limit gives the central charge c = 1.
To obtain the TBA system for (7.1) at these values of β, we tensor product this N=0
TBA system with that for the n = 2 case of our basic N=2 scattering theory, obtaining
the diagram
2 This corresponds to β2N=0 = 8pi, the point at which the N=0 model has a Kosterlitz-Thouless
phase transition and at which the U(1) symmetry group is enlarged to SU(2). It is the self-dual
radius R = 1/
√
2, in the normalization of [53]. This phase transition is where the sine-Gordon
perturbation is of dimension (1,1); the SU(2) symmetry mixes it with the kinetic term. The
perturbation is the state with momentum two and winding zero, and is the operator-product of
left and right chiral SU(2) currents. This relation is often misunderstood; the “KT” transition
referred to in [53] comes from perturbing by the state with momentum zero and winding one.
The S-matrix becomes rational (no trigonometric functions) at the SU(2) point. In spin-chain
language, this is where the XXZ model becomes the XXX model.
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The N=1 sine-Gordon model [55,32] at analogous couplings, is, as in [2], described by
the above figure with the 0 node removed. The reader can check that the UV casimir
energy gives the correct central charge 3/2 for the N=1 case and 3 for the N=2 case. The
xa are all ∞ in the N=2 case, as they are in all cases described by an extended ADE
Dynkin diagram. As a result of xa = ∞, the leading UV corrections to the free energy
depend on logmR, and can be calculated in the manner of [56]. These logarithmic terms
also appear in the βN=2 → ∞ theory corresponding to the theory CP
1 discussed in the
previous section; analogous logarithmic contributions were found in the c-function of [49].
We can generalize (7.1) to consider the SU(n) affine Toda theories described by the
action ∫
d2zd4θ
n−1∑
j=1
XjXj +
1
2
(
∫
d2zd2θ
n∑
j=1
eiβN=2(Xj−Xj−1) + h.c.), (7.3)
where X0 ≡ Xn ≡ 0. The theory has a Zn symmetry corresponding to exp(iβN=2Xj) →
ωj exp(iβN=2Xj) with ω
n = 1. Our usual considerations reveal that the soliton masses and
fermion numbers are those of the basic Zn theory (2.1). We, again, expect the theory to
decompose as in (1.1), with theN=0 part the same asN=0 affine Toda theory at imaginary
coupling [14]. The N=0 S-matrices should be the Zn generalizations of the sine-Gordon
S-matrices discussed in [57]. In the lattice-model language, these are SU(n) generalizations
of the six-vertex model. It then follows that the S-matrix of (7.3) at βN=2 → ∞ equals
that of the supersymmetric CPn−1 sigma model, which is the k →∞ limit of the theories
of sect. 5.
8. Conclusions
While we have here analyzed a wide variety of integrable N=2 theories, there is a
simple class of integrable theories for which the scattering theory remains unknown: per-
turbations of the N=2 minimal models corresponding to the Landau-Ginzburg superpo-
tential W = Xn+X2 [13,58]. It is easy to see that there is no completely elastic S-matrix
involving only solitons; there must be additional states [1]. Presumably there are non-
solitons in the theory which can be created by soliton scattering. It is a peculiar feature of
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many two-dimensional models that only solitons appear in the spectrum; obviously there
is no reason this has to be true for all integrable models. The constraints imposed by
elasticity require that the non-solitons have the same masses as the solitons. One example
of a model with such a structure is the sub-leading magnetic perturbation of the tricritical
Ising model, as discussed in [59].
There are many integrable N=2 models with much more intricate soliton structures
[39]. These theories presumably have N=0 analogs as do most of the theories, and it would
be amusing to find them. One must, of course, be careful in finding these analogs; as we
have seen, the N=0 analogs of the supersymmetric CPn−1 models of sect. 6 are not the
N=0 CPn−1 models, but instead are affine Toda theories at a critical coupling.
In this paper and in [2] we have often discussed the results of [36]. The results
of [36] provide an exact non-perturbative c-function for any N=2 theory via differential
equations; integrability is not required, only knowledge of the chiral ring. The TBA
provides an exact non-perturbative c-function, proportional to the Casimir energy E(R),
via integral equations; integrability and knowledge of the exact S-matrix and its transfer
matrix eigenvalues are required but N=2 supersymmetry is not. The two approaches are
radically different and, by comparing on our common ground of integrable N=2 theories,
it is seen that the two c-functions are, in fact, different. We have, however, found a way
to explicitly calculate the c function of [36] from a TBA calculation. This remarkable link
between the results of [36] and the TBA could provide a means to extend both approaches
into new realms. Alas, this will have to wait for a future publication.
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